In this study, our main attempt is to introduce fractional calculus (fractional integral and differential) operators which contain the following new family of extended Mittag-Leffler function:
Introduction
In recent years, the fractional differential and integral equations with a variety of boundary conditions have been used in the area of applied sciences, to develop the mathematical models for many real-world problems. Therefore, it gained more attention in various fields of science and engineering like physics, dynamical systems, and control systems, see [1, 6, 7, 15, 30, 31, 38] . It should be noted that to analyze the existence and uniqueness of these type of fractional boundary value problems, the fractional integral inequalities are investigated and studied, therefore a variety of works on the integral inequalities associated with certain fractional calculus operators have also been provided by many researchers, see [8-10, 13, 27, 32-34] .
The Mittag-Leffler function and its generalization appear in special functions as a solution of fractional order integral and differential equations. Some interesting applications of this function are considered in the study of kinetic equation, the telegraph equations, random walks, Levy flights, supper diffuse transport, complex system, non-equilibrium statistical mechanics and quantum mechanics, interested readers can refer [2, 4, 5, 11, 16, 24, 26, 28] and the references cited therein. Recently, Atangana and Baleanu [3] introduced a new fractional derivative operator that uses the Mittag-leffler function as kernel, and investigated number of application for the same.
We begin with the Gosta and Wiman Mittag-Leffler functions E ρ (z) and E ρ,σ (z), which are defined by the following series as:
and
respectively. For further study of E ρ (z) and E ρ,σ (z) such as generalizations and applications, the readers may refer to the recent work of researchers [14, 18-20, 22, 23] and the work of Saigo and Kilbas [35] . In recent years, the researchers [21, 37] have numerically considered the function defined in (1.1) and its generalizations in the complex plane. Prabhakar [29] have introduced a unification of the function E ρ,σ (z) defined in (1.2) as follows:
where (δ) n denotes the well-known shifted factorial. In recent times many researchers have investigated the importance and great consideration of MittagLeffler function in the field of special functions for exploring its generalization and applications. Many extensions for these functions are found in ( [17, [40] [41] [42] [43] ). Shukla and Prajapati [39] (see also [45] ) defined and investigated the function E δ,q ρ,σ (z), which is defined as:
where z, σ, δ ∈ C, R(ρ) > 0, q > 0. In the same paper, they have used the Riemann-Liouville right-sided fractional integral, derivative and generalized Riemann-Liouville derivative operators (see [23, 36] ). Very recentlyÖzarslan and Yilmaz [28] have investigated an extended Mittag-Leffler function E δ;c ρ,σ (z; p), which is defined as:
where B p (x, y) is an extension of beta function defined in [12] as follows: 6) where R(p) > 0, R(x) > 0 and R(y) > 0. In continuation to this study, for real-or complex-valued function, we consider the space of Lebesgue measurable, which is denoted and defined as bellow
The left and right sided fractional integral operators of Riemann-Liouville type are respectively denoted by I λ a+ and I λ b− and defined as:
then the left and right sided Riemann-Liouville fractional derivatives are defined as:
respectively. The researchers (see [23, 36] ) have defined the generalized form of fractional differential operator D λ a+ defined in (1.9) by considering the differential operator D λ,v a+ where 0 < λ < 1 denotes the order and 0 < v < 1 denotes the type of integration with respect to x as follows:
Obviously, when v = 0 then (1.10) reduces to the operator D λ a+ defined in (1.9). Throughout this paper we suppose s = τ − a and v = x − a, and we consider the following basic results for our study.
Theorem 1.2 (Srivatava and Manocha [44] ). Let f(z) be analytic and has a power series expansion such that
Lemma 1.3 (Srivastava and Tomovski [45])
. Let x > a, 0 < λ < 1, 0 v 1, R(σ) > 0 and R(λ) > 0. Then the following result holds true:
(1.12)
Extended Mittag-Leffler function and fractional calculus formulas
In this section, we define a new extended Mittag-Leffler function and introduce some fractional integrations and differentiation formulas of this newly defined function. To this end, first we define the more general Mittag-Leffler function E δ,q;c ρ,σ (z, p) as follows.
where the generalized beta function B p (x, y) is defined by (1.6).
Remark 2.2.
(i) Setting p = 0, then (2.1) leads to the well-known function defined in (1.4).
(ii) Setting q = 1, then (2.1) leads to the well-known function defined in (1.5).
(iii) Setting p = 0 and q = 1, then (2.1) leads to the well-known function defined in (1.3).
In this continuation of our study, we define the following integral formula as follows.
where x > ρ. Substituting p = 0, then (2.2) reduces to the operator
(see [39, 45] ). Clearly when ω = 0, then the integral operator in (2.3) reduces to the well-known fractional integral operator I λ a+ defined in (1.8).
Theorem 2.4. If δ, λ, σ, c ∈ C, R(σ) > 0, R(λ) > 0 and n ∈ N, then the following result holds:
Proof. The proof of (2.4) is obvious, therefore we omit it.
Proof.
By the use of (1.11), we have
which completes the proof of result (2.5). Now, we have
which on using (2.5) takes the following form:
Applying (2.4), we have
This completes the desired proof. To prove (2.6), we have
By applying (1.12), we get
which completes the required proof. Proof. From (2.2)
Therefore, we have
which completes the desired proof. 
Proof. To prove the theorem, we consider the relations (2.2) and (1.7), and then using the fact of Dirichlet formula [25] to interchange the order of integration and summation, therefore we arrive at ε ω;δ,q;c
After simplification, we get ε ω;δ,q;c
This can further be expressed as ε ω;δ,q;c
where
which establishes the desired result. for arbitrary function f ∈ L(ρ, σ).
Proof. Using (2.2) and (1.8), we have
Thus by applying the Dirichlet formula [25] , the order of integration and summation can be interchanged, hence we have
By the use of (1.8) and applying (2.5), we get This is the required proof of (3.1). Now, to prove the second part, we consider the right hand side of (3.1) and using (2.2), we have (ε ω;δ,q;c
Again, on using the Dirichlet formula [25] to interchange the order of integration and summation, we obtain Further, by making the use of (1.8) and applying (2.5), we get Thus (3.2) and (3.3) complete the desired proof of (3.1).
Conclusion
In this paper, we derive a new generalization of Mittag-Leffler function and obtain the fractional calculus formulas for the same. We also define and study a new fractional integral operators, which contain the extended Mittag-Leffler function as their kernel. These results are the extended form of Mittag-Leffler function defined in ( [39, 45] ). If p = 0, then all the result of extended Mittag-Leffler function will lead to the well-known result of Mittag-Leffler function (see [39, 45] ).
